1. Henri Poincaré's main field, more precisely the one where the number of his publications is the highest, happens to be celestial mechanics. For instance, he tried to establish the convergence of the series by means of which the motion of the solar system is computed; it was a failure. He proved indeed the opposite: the divergence of those series, whose numerical values furnished the most impressive, precise and famous predictions in science during the last century! Henri Poincaré explained that paradox: those series give a very good approximation of the wanted result, provided only their first terms, namely, a reasonable number of them, are taken into account. Of course, demanding mathematicians to be reasonable is dubious but Henri Poincaré [4] Assume that (2.1) describes the evolution of a mechanical system; if that system were a finite set of particles, i.e., if (2.1) were an ordinary differential system, then Cauchy's problem should be studied. But let us assume it is a continuous mechanical system; therefore the physicists cannot impose its initial position and velocity: they have no more interest in Cauchy's problem.
What they are interested in are the waves U(v, x) -a(p, x)e v « x \ (2.2) solutions of the equation (2.1); in (2.2), thephase <t> is a real-valued function, v is near /oo; therefore e v * rapidly oscillates, whereas the amplitude a is a complex-valued function which slowly varies.
Therefore <f> has to satisfy the first order nonlinear differential equation
H(x,<f> x )=0 fo -d+/dx). (2.3)
Assume H to be a real-valued function of (JC, p) e X © X*, X* being the dual of X; X* «CD*
»X
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Denote by W the hypersurface of X © X* where H vanishes : The solution of the first order nonlinear differential equation (2.3) rests on the following fundamental property of V: the variety V is generated by characteristic curves of W, i.e., by curves of W satisfying the Hamiltonian system dx, dpu By that method wave mechanics is related to particle mechanics: indeed, the Hamiltonian system (2.10) could describe the motion of particles and the computation of a 0 defines a density of those particles such that the conservation of their mass holds. Now the physicists hesitated between a corpuscular (Descartes and Newton, 17th century) and a wave (Huygens and Fresnel, 17th-19th centuries) structure of the light, before they concluded that light (Einstein, 1905: photons and quanta) and matter (de Broglie, 1924) have both structures. Henri Poincaré died 1 in 1912 some years before it became clear that the quanta require a new physics, which has not yet been attained even today. So let us continue to study the asymptotic solutions of differential equations and thus apply to problems which arose before Henri Poincaré's death some of the concepts owing to him: algebraic topology, first homotopy group, covering spaces and groups.
(*) He was only 58 years old; it was 3 years before "General Relativity" finally made "Relativity" acceptable by the astronomers.
An asymptotic solution U happens to be defined not on X but on V, where it has singularities on the apparent contour 2 K of V 9 which is the set of the points of V where dx x f\ • • • /\dx l = 0, i.e., where x cannot be used as local coordinate on V; the <x r become infinite on 2 F ; the order of their singularity increases with r.
For instance, let us use geometrical optics, i.e., use asymptotic solutions of the wave equation of light, for describing the propagation of the light issued from a monochromatic source through a steady optical system: the projections on X of the characteristic curves generating V are the rays of light, whose envelope, the "caustic", is the projection of 2 v on X; that caustic plays the role of image of the source; on it the asymptotic solution is no more defined; therefore geometrical optics should have no meaning beyond the caustic; however, it still holds. That paradox has been solved by V. P. Maslov Obviously that map S A can be decomposed into: (i) the product by e ^( (V) ; (ii) a map of type (3.9), where A is a bilinear, real-valued function of (x, x') G Z © Z, so that it is essentially a Fourier transform, which is unitary thanks to the numerical factor in (3.9); (iii) the product by e pAi '°\ lit) = x e x* FIGURE 3 According to Maslov, the integral in (3.9) has to be computed by the method of the stationary phase (neglecting the terms more rapidly decreasing than any power of \/v> when v tends to 100). The phase of the integrand is A(x, x') + <t> R (z'); assuming that Supp(l7 i? ,) belongs to V \ 2^ u 2^, and is small, the assumption that this phase is stationary means that (3.7) holds; then z = z'; hence, from (3. COMMENT. U R has on È R singularities, which can be described, using [ First, assume a 0 , i.e., the a r , to be polynomial; define the formal differential operator with polynomial coefficients 
Application to the quantum mechanics of the hydrogen atom in a constant magnetic field.
Schrödinger 9 s equation. Let H be the Hamiltonian of the electron belonging to that atom; i.e., the Hamiltonian system (2.10) describes the nonqualified trajectories of that nonrelativistic or relativistic electron; then the Lagrangian operator a associated to H is the Schrödinger operator or the relativistic Schrödinger operator, i.e., the Klein-Gordon operator. H and, therefore, a depend on a parameter E, which is the energy level of the electron.
The quantum mechanics asserts that E has a value such that the equation aU = 0 (5.1) has a nontrivial solution.
In wave quantum mechanics, the numerical value v 0 = i/h is given to v, U is a function X -» C, U and its gradient U x have to be square-integrable. U represents a not-observable quantity.
That fact allows us to assume that U is a Lagrangian function defined on a Lagrangian variety V. Replace the assumption of square-integrability by the following one: V is compact. Note that the equation (5.1) has always to be supplemented by two other equations connected to the length of the momentum of the impulse and its component in the direction of the magnetic field. Therefore U has to satisfy a system of three Lagrangian equations. That system belongs to the type (4.12).
That Lagrangian system and the classical system studied in wave quantum mechanics are not equivalent, but the constructions of their solutions have some likeness and finally both of them define the same energy levels E.
Their computation becomes extremely direct and simple if the Lagrangian system is used mod l/v 2 and therefore U defined mod \/v. Dirac's equation can be likewise solved in Lagrangian analysis; that gives anew the standard energy levels, even when the magnetic field is so strong that the Zeeman effect is replaced by the much more complicated PaschenBack effect.
6. The study of atoms with several electrons by the wave quantum mechanics requires the computing of eigenvalues, which cannot be carried out, except in a few cases, or by using crude approximations suggested by the spirit of the first quantum mechanics. Until now the Lagrangian analysis did not offer better possibilities; see Maslov and his collaborators about the use of crude approximations. 
